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Alan R. Wenzel 
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ABSTRACT 

The problem of t h e  Tave f i e l d  r ad ia t ed  by a p o i n t  source above a 

p lane  impedance boundary is discussed. 

s o l u t i o n  of t h i s  problem are pointed out .  

Some l i m i t a t i o n s  on Inga rd ' s  

This  paper w a s  prepared as a r e s u l t  of work performed under NASA 
Cont rac t  No. NAS1-14101 while  t h e  au thor  w a s  i n  r e s idence  a t  ICASE, 
NASA Langley Research Center , Hampton, ?A. 23665. 



Two t h e o r e t i c a l  papers  have appeared r e c e n t l y  which d e a l  wi th  the  

problem of t h e  wave f i e l d  rad ia ted  by a p o i n t  source  above a p lane  imped- 

ance boundary. The au thors  of t hese  papers  pointed out  some def ic ien.-  

cies i n  Ingard’s  t reatment  of t h i s  problem;3 however, no t  a l l  of t h e  

ques t ions  a r i s i n g  from Ingard’s  i nves t iga t ion  have as y e t  been answered. 

The purpose of t h i s  b r i e f  no te  i s  t o  p o i n t  ou t  some l i m i t a t i o n s  on 

Ingard’s  s o l u t i o n  which were no t  noted by t h e  au tho r s  of t h e  papers  men- 

t ioned  above, and a l s o  t o  c l a r i f y  some of t h e s e  au tho r s ’  comments on 

Ingard ’ s a n a l y s i s .  

The s t a r t i n g  po in t  of t he  present  d i scuss ion  i s  t h e  approximate ex- 

p res s ion  f o r  

ca t ed ,  we adop t ) ,  obtained by neglec t ing  t h e  t e r m  

F of Ingard3 (whose n o t a t i o n ,  except  where otherwise ind i -  

i n  t h e  denominator 
- 

t2 

of h i s  Eq. 10. For convenience we s h a l l  conf ine  our  remarks t o  t h e  case  

i n  which y 1 B 1 < < 1 .  

no t  of s u f f i c i e n t  i n t e r e s t  t o  warrant d e t a i l e d  d i scuss ion  here . )  This  

r e s t r i c t i o n  al lows u s  t o  s impl i fy  matters by w r i t i n g  1+By = 1 i n  t h e  

denominator of Eq.  10  a f t e r  expanding and dropping t h e  t2 t e r m .  The 

r e s u l t i n g  formula f o r  F can be w r i t t e n  

(The general  case i s  somewhat more complicated and 
0 

0 

1 - F = (y +B)kr 1 00 e -kr 2 t [ (y +f3)2+2it]-L’dt. 
0 2 0  0 

An express ion  f o r  F i n  terms of t h e  complementary e r r o r  func t ion  

can now be obtained by ca r ry ing  out t h e  i n t e g r a t i o n  i n  Eq.  l.4 

r e s u l t  is  

The 

L’ a2 F = 1 - T ae e r f c ( 0 )  , 



where U = (kr /2i) '  (y +B). 

Eq. 13 of Ref. 3) with  U P% and wi th  t h e  s i g n  e r r o r  i n  Inga rd ' s  

This  i s  e s s e n t i a l l y  Ingard ' s  r e s u l t  (see 
2 0 

d e f i n i t i o n  of p ( h i s  Eq. 14)  cor rec ted .  

We have p a r t i a l l y  recons t ruc ted  Ingard ' s  a n a l y s i s  i n  o rde r  t o  i l l u s -  

t ra te  t h e  main po in t  of t h i s  no te ,  which is  t h a t  t h e  d e r i v a t i o n  of Eq.  2 

i s  v a l i d  only when 

o r ,  what is  equivalent ,  when I 

This  i s  because when a rg (y  +B) 5 - ~ r / 4  t h e  i n t e g r a t i o n  pa th  i n  Eq.  1 
0 

c r o s s e s  t h e  branch l i n e  of t h e  in tegrand;  i .e . ,  t h e r e  e x i s t s  a t > 0 
0 -  

such t h a t  (y +B)2 + 2 i t  < 0. When t h i s  occurs  t h e  a n a l y s i s  l ead ing  t o  

Eq. 2 breaks down. 

0 0 -  

I n  t h e  l i g h t  of t h e  above remarks t h e  discrepancy between Inga rd ' s  

approximate so lu t ion  f o r  l a r g e  lul and t h e  corresponding r e s u l t s  of 

R e f s .  2 and 3 i s  e a s i l y  resolved.  

t h e  absence of t h e  surface-wave term i n  Inga rd ' s  express ion  f o r  t h e  wave 

f i e l d ,  w a s  ascr ibed by  Chien and Soroka2 t o  Inga rd ' s  u se  ( i n  Eq.  2) of 

an  asymptotic expansion of e r f c ( a )  which i s  v a l i d  only when 

l a rg (u ) l  <  IT/^ , i n s t ead  of t h e  complete expansion, inc luding  t h e  sur face-  

wave term, which is v a l i d  f o r  a l l  va lues  of a rg (0 )  . This  explana t ion ,  

however, is misleading; t h e  expansion used by Ingard is ,  i n  v i e w  of t h e  

r e s t r i c t i o n  given by Eq. 3,  e n t i r e l y  appropr i a t e  t o  t h e  range of v a l i d i t y  

of h i s  so lu t ion .  

is simply t h a t  Ingard ' s  a n a l y s i s  i s  not  v a l i d  f o r  t h a t  range of 

This  discrepancy,  which arises from 

The t r u e  reason f o r  the  d iscrepancy  is now apparent :  i t  

0 , namely 

-2- 

. 



t h e  range a rg (0 )  < -IT12 (or  arg(y +B) < - ~ r / 4 )  , f o r  which t h e  sur face-  

wave term appears  i n  t h e  asymptotic expansion of t h e  wave f i e l d  f o r  

l a r g e  1 0 1 .  

- 0 - 

Another ques t ion  regard ing  Ingard 's  s o l u t i o n  w a s  r a i s e d  by t h e  p re sen t  

writer wi th  regard t o  i t s  a p p l i c a b i l i t y  i n  t h e  case  of s m a l l  

Ref. 1, p. 961, t h i r d  paragraph) .  It i s  now clear t h a t  t h e s e  comments 

(which were a l s o  quest ioned by Chien and Soroka) are inaccura t e  and should 

be disregarded.  1 0 1  
is  included i n  t h e  gene ra l  condi t ion  given by Eq. 3 f o r  t h e  v a l i d i t y  of 

Ingard ' s  ana lys i s .  

1 0 1  ( see  

Ins t ead ,  i t  is t o  be noted t h a t  t h e  case of s m a l l  

Although t h e  express ion  f o r  F given by Eq. 2 is, s t r i c t l y  speaking, 

l i m i t e d  t o  t h e  range of 0 defined by Eq. 3, i t  can obviously be  extended 

a n a l y t i c a l l y  t o  t h e  range - 3 1 ~ / 4  < a rg (0 )  < T / 4  , which i s  equiva len t  t o  

extending Ingard ' s  approximate so lu t ion  t o  t h e  e n t i r e  r igh t -ha l f  of t h e  

complex f3 plane.  The ques t ion  then arises as t o  whether t h i s  is  a v a l i d  

ex tens ion;  i .e. ,  whether t h e  extended func t ion  F(5) y i e l d s  a v a l i d  approx- 

imat ion t o  t h e  wave f i e l d  f o r  those  va lues  of U which l i e  o u t s i d e  t h e  

range  def ined by Eq. 3 .  Although t h e r e  i s  no obvious reason f o r  be l i ev ing  

t h a t  t h i s  is  t h e  case, Chien and Soroka have neve r the l e s s  shown t h a t ,  when 

y <<1 ( i . e . ,  when t h e  source  and r ece ive r  are nea r  t h e  boundary) and 

1f31<<1, Ingard ' s  r e s u l t s  agree with those  of Refs. 1 and 2, t o  which t h e  

r e s t r i c t i o n  given by Eq. 3 does not apply.  

- - 

0 

It should be  poin ted  o u t ,  however, t h a t  when 16 I > 1 such agreement - 
is  no t  n e c e s s a r i l y  obta ined .  Consider, f o r  example, t h e  case i n  which 

y = 0 ( i . e . ,  source and r ece ive r  on t h e  boundary) and f3 = -il f3 I , wi th  

I B ]  > 1 and 
0 

161 (kr)+ >> 1. The soft-boundary r e s u l t s  of e i t h e r  Ref. 1 - 

-3-  



( E q s .  20, 33 and 3 4 )  o r  Ref. 2 (Eqs. 1, 7 ,  21  and 23) show t h a t  i n  t h i s  

case the  dominant t e r m  i n  t h e  asymptot ic  expansion of  t h e  wave f i e l d  i s  

t h e  surface-wave term. The corresponding r e s u l t  from Inga rd ' s  theory 

i s  obtained with the  a i d  of Eq. 2 and t h e  asymptot ic  expansion of e r f c ( 0 )  

( t h i s  r e s u l t  can a l s o  be obtained from Eq. 28 of Ref. 2 ) .  It i s  r e a d i l y  

seen  t h a t ,  because of t h e  d i f f e r e n c e  i n  the  form of t h e  surface-wave term 

a r i s i n g  from the asymptot ic  expansion of t h e  complementary e r r o r  func t ion  

compared t o  t h a t  obtained e i t h e r  from Eq. 20 of Ref. 1 o r  Eq. 7 of Ref. 2,  

t h e  r e s u l t s  of Inga rd ' s  theory  do not  agree  i n  t h i s  case wi th  those  of 

Refs. 1 o r  2. 

Hankel func t ion  i s  used i n  t h e  surface-wave t e r m  given by e i t h e r  Ref. 1, 

rlq. LO, o r  R e f .  2, Eq. 7 . )  It i s  clear,  t h e r e f o r e ,  t h a t  Inga rd ' s  s o l u t i o n ,  

even i f  t h e  proper form of t h e  asymptot ic  expansion of t h e  complementary 

e r r o r  func t ion  is used i n  i t ,  i s  no t  v a l i d  in t h i s  case. 

(Note t h a t  t h i s  is t r u e  even i f  t h e  asymptot ic  form of t h e  

'l'he s i t u a t i o n  as regards  t h e  v a l i d i t y  of Inga rd ' s  theory  can be  sum- 

Equation 2 ,  which i s  e s s e n t i a l l y  Inga rd ' s  approximate marized as follows. 

express ion  f o r  F f o r  t h e  case i n  which y I f 3 1  << 1 and k r  >> 1 ( t h e  

l a t te r  condi t ion  arises from t h e  neg lec t  of t he  term i n  t h e  demoni- 

n a t o r  of Inga rd ' s  Eq. l o ) ,  i s  v a l i d  provided t h a t  t h e  cond i t ion  given by 

0 2 

t2 

Eq. 3 (o r  E q .  4 )  holds.  

i r r e s p e c t i v e  of t h e  cond i t ion  given by Eqs. 3 o r  4 ,  provided t h a t  

Y << 1. When 

become cons iderable  as 

It has a l s o  been shown t o  be v a l i d  when If31 << 1 , 

16 I > 1 , however, t he  e r r o r  i n  Inga rd ' s  s o l u t i o n  may - 0 

arg(f3) +   IT/^. 

-4- 
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